Chapter 6
PLATES

6.1. Introduction

The slabs are bodies with prismatic or cylindrical form and very small thickness
compared to their bases, which are of the same order. The mid plane of the slab is the plane,
which separates it into two parts. The slab’s contour is the intersection line of the mid surface
with the boundary surface. According to the form of the contour the slabs can be called as:
circular, rectangular, triangular, elliptic, sector etc (fig. 6.1).

fig. 6.1

Slab’s thickness may be constant, and variable too. If a is the smallest slab dimension
and t is its thickness, then depending on the ratio t/a the slabs are divided into thin, if t/a <0,1
and thick, if t/a >0,4. Thick slabs can be treated either like massive bodies and solved like
3D problems, or additional hypothesis may be used in order to be implied an approximation
method. For thick slabs the influence of the internal tangential stresses is considerable and
should be taken into account.

Slab’s support can be done on the contour, the internal line or in given points. It is
possible a part of the contour not to be supported (free end). Slabs can be continuous (single-
connected) or multiple-connected (with holes).

The loading of the slab is perpendicular to the mid surface, and the slab bends as a
result. The stress state is characterized with normal and tangential stresses, which change their
values with the thickness (fig. 6.2).
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6.2. Internal forces, stress and deformations in thin plates

The theory of the thin plate is based on three hypotheses:

- kinematics hypothesis (Kirchhoff Theory), according to which the normal to the
midsurface remains normal to the deformed midsurface without changing its
length;

- unstretching hypothesis, according to which the points of the midsurface move
only in direction of the normal (z axis);

- static hypothesis, according to which stresses in the plate with normal z are
negligibly small compared to the normal stresses in slabs with normal axis x and y.

103



Based on this hypothesis, for slab under transverse load action q(x,y) the
displacements of the points are defined after its deformation (fig. 6.3).
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Becausee, =—,&,=— my, =—+—_ Wecan write
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1 2
where k, = —=-2 po are curvature and radius of curvature for bending around axis x,
Px X
1 o*w . : :
ky=—=-2 Y - are curvature and radius of curvature for bending around axis y and
Py
1 o*w : :
k, =—=-212 - curvature and radius of curvature for torsion.
Py OXoy

The stress-strain relations according to the Hook’s law are:

Ox = _Eﬂz (gx +,ugy)

1
E
O'y :m(&'y-i',ugx) (63)
E
TW=G7W=I:;7W

After substitution of the strain we get
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Ez (azw aZW]
o, = +u

X _1_,UZ aXZ 8y2
Ez (0°w  0°w
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T, =T, =

WU 1 oxdy

From the differential equation of equilibrium
50')( " 82-y)( n GTZX
OX oy oz
having in mind that X=0 (load is in z) after the substitution of o u z,, from (6.4) and
integration in z we obtain

+X =0

EZZ 0 2
— — il v/ v). 6.5),
=t Y () (65)

2 2

Where V? =%+W is the Laplace operator. Integration function f(x,y) is defined from
the condition z_, =0 for z = 0,5t. Thus we finally obtain
2 2
Ty =Ty =— E 5 vtz QVZW. (6.6)
1-4°(8 2 )ox

Analogically for z_, we get

2 2
T,=7,=— E [L_Z_jgvzw_ (6.7)

Oy Oy, Tyys Ty, U

Diagrams of stresses ¥yz are shown in fig. 6.4.

fig. 6.4

The obtained above stresses can be reduced into equivalent internal forces and moments. For
example for stresses o, n o, we can write (fig. 6.5, a)

% %
M, = Iaxzdz, M, = '[ayzdz (6.8)
e e

Analogically are defined the rest of the internal forces
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Y Y Y
My =M, = [r 202, Q, = [r,0z, Q = [r,dz (6.9)
The defined internal strains have dimensions Nm/m for M and N/m for Q.
On fig. 6.5, 6 internal strains are shown on a slab element loaded with distributed load

a(x, y).
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Fig. 6.5
Thus defined internal strains allow us to express the stresses according to the formulas
M. z M,z M.z
o, =——,0, = and 7,, = —~ 6.10
o127 Y 812 Yt3)12 (6.10)

6.3. FEA method for thin slabs (Kirchoff’s theory)

The function of the transverse displacement of the mid surface’s points W(X’ y) is the
only independent function. The displacements of an arbitrary point from the transverse cross
section of the slab are defined by (6.1).

6.3.1. Strains-displacements relations
The vector of the deformations is

ou
c OX
e)=1e, t=12 (6.11)
oy
Py ou ov
_+_
oy OX
Taking into account (6.2) we may write
{ef=—2{r} (6.12)
where
2 2 2
(J =| TW W, 0w (6.13)
oX~ oy OXoy

6.3.2. Stress-strain relations
The vector of the stresses is {o}' = LO'X o, TXyJ . According to Hook’s law
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lo}=[Ele) (6.14),

where

u 0
1 0

(6.15)
0 H

L 2 |

6.4. Quadrilateral four node uncompatible finite element

6.4.1. Displacements and strains
The element is shown on fig. 6.6, a. Each node has three degrees of freedom (fig. 6.6,

0).
fig.6.6
The vector of the nodal displacements is
Y =ld; d, d, d,,] (5.16),
where
W
W;
=16, 1= (@j (6.17)
oy ),
0,
13
oX ),

The minus sign of (Z—Wj is written in order to preserve the right hand rule (fig. 6.7). The
X Ji

vector of the nodal loads is
i} =[ri N rm] (6.18),
where

Y =[Fy My My, (6.19)
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fig. 6.7
For approximation of the displacements in the element is used a partial polynomial of fourth
order, because there are 12 nodal parameters. Suitable for the purpose is the polynomial

W(X,y)=a, +a,X+a,y+a,x> +a xy+a,y> + (6.20)
a, X% +a, X’y +a Xy’ +a,,y° +a,,x°y +a,;,xy’ '
In direction x=const or y=const the function w(x, y) will change according to a cubic law. For

quadrilateral elements the borders between the elements are exactly that kind of lines (fig. 6.
8). Because of the fact that a third order polynomial is completely defined by four
coefficients, two nodal displacements and two nodal rotations for nodes belonging to such
line will guarantee continuity of the displacement function.
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fig. 6.8
On line x=const, for example, the function %’(V =6, =b, +b,y+b,y* +b,y’ isalso a
third order polynomial with four coefficients. Due to the fact that there are only two nodal

the function ;ﬂ:@y is unconformed.
X

Independent of the fact that it is unconformed, the element is widely used in software
products, because with increase of the number of elements the solution approximates the real
one.

parameters given along this lined , u @, ,,

In matrix form (6.20) we may write
w(x.y)=[@}a} (6.21)

where [@]= [] Xy xZ...] ,a {a}' =|a, a,...| is the matrix of the polynomial coefficients.

Coefficients in (6.21) are defined from the nodal displacement equations
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W, =a; +a, X, +a5Y;, +...

5
— | =0, =a; +asX+...
%),

The equations (6.22) are 12 and can be written in matrix form as
{dj=[cla}

where [C] is 12x12 matrix, whose elements are nodal coordinates.
From (6.23) we can define

aj=[c*{d]

Based on (6.21) and (6.24) we may write

w(x,y)=[@]c] " {d}=[N}d}
And then for the deformations we obtain
o*w
ox®
e} =2 2 {=-a[oIN} - 2le]i)
o*w

oxoy

2

2 2 2
Where[D]T:{a o 2 }

o oy oxdy

Matrix [B]can be written as

In (6.27)

Bl=| N | =14,

where [N]=[@]C]" =[N, N, N, N,].
From (6.26) after differentiation we obtain
—2a, —6a,x—-6azy—6a,,Xy
le}=12{-2a, —2a,x—6a,,y —6a,,Xy
—2a, —4a x—4a,y-6a,,x" —6a,,y’

The relations (6.29) may be written in matrix form as

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)
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{e}=2[Qla} (6.30)
where
000-2 0 0-6x—2y 0 0 —6xy O
[Q]=|00000-20 0 —-2x-6y 0 —6xy (6.31)
000 0-2 0 0 —4x—4y 0 —6x*—6Yy?>
Using (6.24) from (6.30) we obtain
{e}=2[Q]c] {d}=[B]{d} (6.32)
from where we see that

[B]=[Qlc]” (6.33)

6.4.2. Stiffness matrix of the element
It is defined from [k]|= J'[B]T [E]BHv, where for t=const by using (6.33) we obtain

(=[] JleT [Tk e (6:34
When t=const the integral in (6.34) has an exact solution.

6.4.3. Distributed loads
If distributed load acts on the element on axis z q(x,y) the related nodal loads are

defined from
iry=[INT a(x,y sdxdy =[C]" [[@] q(x,y Jdxdy (6.35)
A

A

6.5. Quadrilateral four node finite element in local coordinate system
The element is shown in fig. 6.9.

2/ 3
¢
fig. 6.9
Having in mind that
X—X y—-y
= < = : 6.36
S=— M=y (6.36)
we can write
%_1 o1 637
ox a oy b '
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The coordinates of the nodes are: 1(-1,-1), 2(1,-1), 3(1,1), 4(-1,1). For the approximating

function we can write
W(XaY):b1+b2§+b377+b4§2 +b5§77+b6772 (6.38)
+ b7§3 + b8§277 + bgfﬂ2 + b10773 + b11§377+ b126‘2773

w(x,y) = [P]ib} (6.39),

where [P]:\_lfngz...J ,and {b}" =|b, b, b, ...| is polynomial coefficient’s matrix. By using
nodal values of the displacements and nodal coordinates, the polynomial coefficients can be
defined from the system of equations {d}=[A}{b} , namely

o} =[A]"{d} (6.40),
where [A] is 12x12 matrix. Now the approximation function can be written as
W& 7)=[P]A]" {d} (6:41)
Having in mind (6.37), (6.13) is written as
10°w 1o*°w 2 o°w
{Z}T T 22 322 M2 A2 Am (6.42)
a® o0&~ b° on® ab oéon
After differentiating (6.38) we obtain for the deformations:
000200 % 219 g 87 4 |[b
a a®* a a
2
2 25 67y 6S7
—z2{yl=—7l0 00 0 0 £ 0 0 & 2o 2671 L_
{g} {Z} b2 b2 bZ b2 (643)
2 2 '
000 O 2 00 45 4n 0 66" 67" b
L ab ab ab ab ab U2

P, JAT*a}=[5])
From (6.43) we can see that
[B]=—z[P, JA]" (6.44)
Stresses are defined from
o} =[Ele} = —2[E]P, Al {0} (6.45)

Stiffness matrix of the element is obtained from (2.41) where dv =dAdz , and dA=abd&dr.
Then

(6.46)

6.6. Incompatible iso-parametric four node element type Kirchoff
The element is shown in fig. 6.10.
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6.6.1. Shape functions
The shape functions are defined according to the formulae

@ EE L nn)+ S EE@s L= £ )e Sl G N )
[N=| 2@+ &eNLe e 1) (6.47)

a

géi(l+§i§)(l+77i77)(l_772)

where &,7; , i1=1, 2, 3, 4 are node coordinates. Displacements approximating function is

4
w(gm)= 2 Nid, =[N]id} (6.48)
i=1
If (6.47) is written in the form [N, ]’ =\_Ni,1 N; , Nisj characteristics of these functions are:
ON; ON;
N' il :11 L il =01 I i :0
|,l(§| ﬂl) 85 (gl nl) 877 (él 77!)
Ny, 1 0N, Ny, 1 0N,
2= (e p)=1—R3 == T Bl p )=-1 6.49
T e G =L = ) (6.49)

Coordinates of an arbitrary point of the element are defined from
x= N (&), yngi(f,n)yi (6.50),
where x; u y; are the coordinates of i-" node.
6.6.2. Defining the strains

According to (6.2) the strains are defined from the nodal displacements by the
relations

o 0w 82[N]{d}’ 8y:_zazw:_zaz[N]{d}

X X2 =1 ox2 2 5".'2 (6.50)
o*w 9%[N] '
=272 " = 2,2 Y
T Zaxay ‘ OXoy )

or
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v ]
o’
o°[N
= 20 )
Y
L)
OxOy
From (6.52) we can see that
]
ox’
[5)= | 2]
oy’
L)
0x0y |
[B] can be expressed as [B]=[B, B, B, B, ], where
[0%[N,] 1N
ox? a® o0’
0N 1 8%|N
[B,]=-2 % =) 17 8[7721] etc
Zaz[Nl] Ziaz[Nl]
oy | |“ab azon |

6.6.3. Stiffness matrix of the element
It is determined from

B,

)= [[87 [ET8 Y= Sz (£]B, B, B, B, 4V =
B4

where typical sub matrix [k, | is defined from

[k.]=[[B.T'[E]B, v

V'

If we substitute dv =dxdydz=abd&dndz we obtain

11
abJ'lJ'l

2%[B, |'[E]B, Jd&dndz

N\.-.t_..,\;\.-.

After integrating on z we get

. ]=ab] [ [8, T [ET8kcor

-1-1

(6.52)

(6.53)

(6.54),

(6.55)

(6.56)

(6.57)
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6.7. FEA method for slabs with consideration of the strains due to tangential
stresses.Mindlin theory.

This theory is based on the following assumptions:

1. Displacements along z axis are small .

2. The normal to the mid surface before deformation remains linear, but not

obligatory normal to the mid surface after deformation.
3. The stresses, normal to the mid surface are neglegibly small .
On fig. 11 is depicted the deformation state of an element from a slab.
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fig. 6.11
According to the assumptions and fig. 6.11 we can write
ow ow
Vo ox 7 Ve o (6.58)

where 6, and @, are angles of rotation of the normal from the state perpendicular to the mid
surface, about x and z axis respectively.

6.7.1. Strain-displacements relations
From fig. 6.11 we see, that the displacements of a point, situated on a distance z from
the mid surface, along x and y axis are determined according to the relations:

u=z60,,v=-20, (6.59)
Thus for the deformations we may write
06 00
s AT [ (6.60)
OX OX oy oy oy  OXx

Relations (6.58) represent deformations from tangential internal stresses, and relations (6.60)
bending deformations.
The element under consideration is based on three fieldsw(x,y), 6,(x,y), 6,(x.y)

each of them interpolated from the nodal parameters. If all fields are interpolated with one and
the same polynomial, so for a finite element with n nodes we can write:

uj=[NJd} (6.61)

>

where {U}T :\_WHX eyjl {d}T :\_Wi Oy ey,iJ u [N]=

6.7.2. Strains - Displacements matrix

114



The deformation vector is {&}' :\_gx Ey Vxy Vyz 7sz , and the vector of the nodal
parameters for n nodes {d}" =[d, d, ...d;...d,], where {d,} =\_Wi 0
the relation between deformations and nodal displacements is:

{e}=[Bld} (6.62)

however [B] can be represented in the form [B]=[B, B, ...B;...B, |, where

- Oy,ij. In matrix form

X1

. oN,

ox
_ON
oy
_ON; N
OX oy
NN 0
oy
o,
| OX i

(6.63)

6.7.3. Stiffness matrix of the FE
It is determined from

(6.64)

In (6.64) [E]= {E °

, Where
e |

Et’
[Eoe]=m u 1 "y (6.65)

and

okt |10
[Ecp]=7—)]2 I {0 J (6.66)

In (6.66) a is a coefficient of the cross-section form, which for rectangular cross-section has
value o = 6/5. Stiffness matrix can be divided into two

lers oo 1= [ 1B, I [E,. 1B, Jixay (6.67)

and

[kr.wp ]: ”Br,@ ]T [ECP ][Bs,cp ]dxdy (6.68)
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for bending and shear respectively.

6.8. Incompatible iso-parametric element “Mindlin”
The element is shown on fig. 6.12.

fig. 6.12

For known nodes coordinates, the coordinates of an arbitrary point in the element are

determined according to the relations

XZNin.,y ZNin

For this type of element are approximated three independent functions

4
(f 77) Z i
i=1
4
ex (5’ 77): ZNiex,i
i=1
4
=Y N#b,,.
i=1
Functions Ni,...,Ns are of the type used in the plane problem
1
N; = Z(1+§i§)(1+77i77)
where & u 7; are node’s coordinates.

6.8.1 Strain determination
The strains due to bending are defined from

20, &.0N,

& =1—=1 0,;
oX ~ ox v
4 5N
&, ==~1 00, =-Z &exvi
oy i1
. %_6@:2“:%0 &N,
Y oy OX = oy M o ox

and strains due to shear from

(6.69)

(6.70)

(6.71),

(6.72),
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ow 2, ON, 2
=710,=> " w+Y NG,
yxz 8X y a I — 17yl

O (6.73)
ow 4, 0N, i '
7z=__0x= _IWi_ Niexi'
"oy le oy le |
The derivatives on x and y are determined from
on, N,
X | g OF
N, =[J] N, (6.74)
oy on
x
o¢& 0
where [J]= S % s the Jacoby matrix.
ox %y
on on

Deformations due to bending can be combined in the matrix
e,V =|e, g yXyJ and according to (6.72) we may write

le,.)=2y[B,,.Jid/} (6.75)

where {d)" =|w, 6, Qy‘ij and

o o N

ox
ON.

B,.|=|0 -— 0 6.76
B.,.] 5 (6.76)
oN, N,

ox oy |

Deformations due to shear can be written in matrix {Ecp }T = \]XZ 7/sz and then according to
(6.73)

e, )’ = Z[B .} 6.77)
where _
B, |- % o (6.78)
oo

{e}={j’“’}-=i[8i Jo, 679

where
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B]= hzéBp]]} (6.80)

6.8.2. Stiffness matrix of the FE
The model stiffness matrix can be represented, according to the considerations above,
in parts too

[krs]: lkrs,02J+lkrS,cpJ (6.81)
where
[krs,()z ] = %J‘ZZ [Bl",02 ]T [COZ ]I:BS,()Z ]dV (6'82)
e 1= G[[B.., ] [c., 1B, Jav (6.83)
In (6.82) and (6.83)
1 4 O
[c.]=|u 1 0O (6.84)
0 0 1-p
L 2
10
{Ccp }= {0 J (6.85)

6.9. Nodal loads
Distributed load along z axis, q(x,y) is transformed into nodal loads according to

r. )= JINT a(x,y)dA (6.86)

A

If there is a moment My, acting on an edge with direction of y-parallel, the transformation is
performed according to the expression:

T
i, FI{%—Z} M dy (6.87)

/

Moment Myy, acting on edge with destination of x-parallel, transformation is performed
according to the expression:

T
{aa—ﬂ M, dx (6.88)

by )=

i

In the expressions above the shape functions are related to a transverse displacement, rotation
about y axis with destination of y — parallel and rotation about y axis with destination of x —
parallel.
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For “Kirchoff” element, according to (6.86) we obtain as nodal forces, and nodal

6.10. Boundary conditions

Given in table 1.

moments too, because the shape function matrix is related to nodal displacement and two
nodal rotations.

X

Restriction of the displacements along line

Parallel to x Parallel toy
|
2 =0 ! Hx =0
Free support ».B | .
________ ;""" 5 i
I
I
wg =0 F wp =0
ex,B =0 : gx,B =0
Fixed support 0,5=0 B/ 0,5=0
A A NN “
B g
0.5=0 A 0,5=0
|
|
Axisof |  J--- PR - 6
symmetry B B
i

119



