
 103 

Chapter 6 

PLATES 

 

6.1.  Introduction 

The slabs are bodies with prismatic or cylindrical form and very small thickness 

compared to their bases, which are of the same order. The mid plane of the slab is the plane, 

which separates it into two parts. The slab’s contour is the intersection line of the mid surface 

with the boundary surface. According to the form of the contour the slabs can be called as: 

circular, rectangular, triangular, elliptic, sector etc (fig. 6.1). 

 

 

 

 

 

 

 

 

 

fig. 6.1 

 

Slab’s thickness may be constant, and variable too. If а is the smallest slab dimension 

and t is its thickness, then depending on the ratio t/a the slabs are divided into thin, if t/a  0,1 

and thick, if  t/a  0,4. Thick slabs can be treated either like massive bodies and solved like 

3D problems, or additional hypothesis may be used in order to be implied an approximation 

method. For thick slabs the influence of the internal tangential stresses is considerable and 

should be taken into account.  

 Slab’s support can be done on the contour, the internal line or in given points. It is 

possible a part of the contour not to be supported (free end). Slabs can be continuous (single-

connected) or multiple-connected (with holes). 

 The loading of the slab is perpendicular to the mid surface, and the slab bends as a 

result. The stress state is characterized with normal and tangential stresses, which change their 

values with the thickness (fig. 6.2). 

 

 

 

 

 

 

 

 

 

 

fig. 6.2 

 6.2. Internal forces, stress and deformations in thin plates  

 The theory of the thin plate is based on three hypotheses: 

- kinematics hypothesis (Kirchhoff Theory), according to which the normal to the 

midsurface remains normal to the deformed midsurface without changing its 

length; 

- unstretching hypothesis, according to which the points of the midsurface move 

only in direction of the normal (z axis);  

- static hypothesis, according to which stresses in the plate with normal z are 

negligibly small compared to the normal stresses in slabs with normal axis x and y. 
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Based on this hypothesis, for slab under transverse load action  yxq  ,  the 

displacements of the points are defined after its deformation (fig. 6.3). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

fig. 6.3 
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 The stress-strain relations according to the Hook’s law are: 
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After substitution of the strain we get 
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From the differential equation of equilibrium  
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having in mind that X=0 (load is in z) after the substitution of xyx и    from (6.4) and 

integration in z we obtain 
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Analogically for zy  we get 
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Diagrams of stresses  yzxzxyyx     и   , , ,
 are shown in fig. 6.4. 

  
 

 

 

 

 

 

 

 

 

 

fig. 6.4 

 

The obtained above stresses can be reduced into equivalent internal forces and moments. For 

example for stresses yx   и we can write (fig. 6.5, а) 
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Analogically are defined the rest of the internal forces 
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The defined internal strains have dimensions Nm/m for M and N/m for Q. 

On fig. 6.5, б internal strains are shown on a slab element loaded with distributed load 

 yxq , . 
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                                                                             Fig. 6.5 

 Thus defined internal strains allow us to express the stresses according to the formulas  
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  6.3.  FEA method for thin slabs (Kirchoff’s theory) 

 The function of the transverse displacement of the mid surface’s points  yxw ,  is the 

only independent function. The displacements of an arbitrary point from the transverse cross 

section of the slab are defined by (6.1).   
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Taking into account (6.2) we may write  

     z  (6.12) 

where  

   





















yx

w
2   

y

w
   

x

w 2

2

2

2

2
T

  (6.13) 

  

6.3.2. Stress-strain relations 

 The vector of the stresses is    xyyx
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      E  (6.14), 
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 6.4. Quadrilateral four node uncompatible finite element  
 6.4.1. Displacements and strains  

 The element is shown on fig. 6.6, а. Each node has three degrees of freedom (fig. 6.6, 

б). 
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fig.6.6 

 

 The vector of the nodal displacements is  
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fig. 6.7 

For approximation of the displacements in the element is used a partial polynomial of fourth 

order, because there are 12 nodal parameters. Suitable for the purpose is the polynomial  
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In direction x=const or y=const the function  yxw ,  will change according to a cubic law. For 

quadrilateral elements the borders between the elements are exactly that kind of lines (fig. 6. 

8). Because of the fact that a third order polynomial is completely defined by four 

coefficients, two nodal displacements and two nodal rotations for nodes belonging to such 

line will guarantee continuity of the displacement function.  

 

 

 

 

 

 

 

 

 

 

 

fig. 6.8 

 On line x=const, for example, the function 
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Independent of the fact that it is unconformed, the element is widely used in software 

products, because with increase of the number of elements the solution approximates the real 

one.  

 In matrix form (6.20) we may write  
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  is the matrix of the polynomial coefficients. 
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The equations (6.22) are 12 and can be written in matrix form as  

     aCd   (6.23) 

where  C  is 12х12 matrix, whose elements are nodal coordinates. 

 From (6.23) we can define 
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And then for the deformations we obtain 
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Matrix  B can be written as  

    4321 BBBBB  (6.27) 
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From (6.26) after differentiation we obtain 
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The relations (6.29) may be written in matrix form as 
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     aQz  (6.30) 
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Using (6.24) from (6.30) we obtain   
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 6.4.2. Stiffness matrix of the element 
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When t=const the integral in (6.34) has an exact solution. 

  

 6.4.3. Distributed loads  

 If distributed load acts on the element on axis z q(x,y) the related nodal loads are 

defined from  
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 6.5. Quadrilateral four node finite element in local coordinate system  

 The element is shown in fig. 6.9. 

 

 

 

 

 

 

 

 

 

 

fig. 6.9 
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The coordinates of the nodes are: 1(-1,-1), 2(1,-1), 3(1,1), 4(-1,1). For the approximating 

function we can write  

 
 

3

12

3

11

3

10

2

9

2

8

3

7

2

65

2

4321

bbbbbb

bbbbbby,xw








 (6.38) 
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After differentiating (6.38) we obtain for the deformations: 
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From (6.43) we can see that 
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Stresses are defined from 

           dAPEzE
1

   (6.45) 

Stiffness matrix of the element is obtained from (2.41)  where dAdzdv  , and dabddA . 

Then 
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 6.6.  Incompatible  iso-parametric four node element type Kirchoff  

 The element is shown in fig. 6.10. 
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fig. 6.10 

 

 6.6.1. Shape functions 

The shape functions are defined according to the formulae  
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 (6.47), 

where ii  ,  , i=1, 2, 3, 4 are node coordinates. Displacements approximating function is  
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If (6.47) is written in the form    3,2,1,   iii
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i NNNN   characteristics of these functions are: 
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 Coordinates of an arbitrary point of the element are defined from  
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where ii yx   и   are the coordinates of i-th  node. 

 

 6.6.2. Defining the strains 

 According to (6.2) the strains are defined from the nodal displacements by the 

relations   
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From (6.52) we can see that 
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 B  can be expressed as    4321 BBBBB , where 
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 6.6.3.  Stiffness matrix of the element 

 It is determined from  
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where typical sub matrix  rsk  is defined from 
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If we substitute dzdabddxdydzdv   we obtain 
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After integrating on z we get  
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 6.7. FEA method for slabs with consideration of the strains due to tangential 

stresses.Mindlin theory. 

 This theory is based on the following assumptions: 

1. Displacements along  z axis are small . 

2. The normal to the mid surface before deformation remains linear, but not 

obligatory normal to the mid surface after deformation.  

3. The stresses, normal to the mid surface are neglegibly small .  

 On fig. 11 is depicted the deformation state of an element from a slab. 

 

 

 

 

 

 

 

 

 

 

 

 

fig. 6.11 

 

According to the assumptions and fig. 6.11 we can write 
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where  x  and y  are angles of rotation of the normal from the state perpendicular to the mid 

surface, about x and z axis respectively. 

  

 6.7.1. Strain-displacements relations 

 From fig. 6.11 we see, that the displacements of a point, situated on a distance z from 

the mid surface, along x and y axis are determined according to the relations: 
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Thus for the deformations we may write 
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Relations (6.58) represent deformations from tangential internal stresses, and relations (6.60) 

bending deformations. 

 The element under consideration is based on three fields       ,  , ,  , , yx yxyxyxw  , 

each of them interpolated from the nodal parameters. If all fields are interpolated with one and 

the same polynomial, so for a finite element with  n nodes we can write: 
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6.7.2.  Strains - Displacements matrix 
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 The deformation vector is           zxyzxyyx
T

  , and the vector of the nodal 

parameters for n nodes    ni21 ...d...ddd
T

d , where    iyixi
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i wd ,,    . In matrix form 

the relation between deformations and nodal displacements is: 
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 6.7.3.  Stiffness matrix  of the FE 

 It is determined from 
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and 
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In (6.66)  is a coefficient of the cross-section form, which for rectangular cross-section has 

value  = 6/5. Stiffness matrix can be divided into two 
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for bending and shear respectively. 

 

6.8.  Incompatible iso-parametric element “Mindlin”  

The element is shown on fig.  6.12. 

 

 

 

 

 

 

 

 

 

 

 

 

fig. 6.12 

 

For known nodes coordinates, the coordinates of an arbitrary point in the element are 

determined according to the relations  
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For this type of element are approximated three independent functions 
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Functions N1,...,N4  are of the type used in the plane problem 
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where i  и   i  are node’s coordinates. 

 

 6.8.1 Strain determination 

 The strains due to bending are defined from  

 




























































 





 





4

1i

4

1i

i,x
i

i,y
ixy

xy

4

1i

i,x
ix

y

4

1i

i,y
iy

x

x

N

y

N

xy
z

y

N
z

y
z

x

N
z

x
z
















 (6.72), 

and strains due to shear from 
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The derivatives on x and  y are determined from  
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 is the Jacoby matrix.  

Deformations due to bending can be combined in the matrix  
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Deformations due to shear can be written in matrix    yzxz
T

ср     and then according to 

(6.73)  

     i
4

1i

ср,i

T

ср dB


  (6.77) 

where 

  






























0  N 
y

N

N   0    
x

N

B

i
i

i
i

ср,i  (6.78) 

All deformations can be determined from  

     












4

1i

ii

ср

ог
dB.




  (6.79) 

where 
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  
 
  








ср,i

ог,i

i
B

Bz
B  (6.80) 

 

 6.8.2. Stiffness matrix of the FE 

 The model stiffness matrix can be represented, according to the considerations above, 

in parts too  

      срrsогrsrs kkk ,,   (6.81) 

where 

       dVBCBz
1

E
k

V

ог,sог
T

ог,r
2

2ог,rs 





 (6.82) 

       dVBCBGk

V

ср,sср
T

ср,rcp,rs   (6.83) 

In (6.82) and (6.83)  

  

























2

1
  0    0 

0     1    

0        1 

Cог







 (6.84) 

   









1    0

0    1
Cср  (6.85) 

 

6.9.  Nodal loads 

Distributed load along z axis, q(x,y) is transformed into nodal loads according to 

      
A

T

q dAy,xqNr  (6.86) 

 

If there is a moment Mx, acting on an edge with direction of  y-parallel, the transformation is 

performed according to the expression: 

   dyM
x

N
r x

T

l
xM  












  (6.87) 

Moment Mxy, acting on edge with destination of  x-parallel, transformation is performed 

according to the expression: 

  

   dxM
x

N
r xy

T

l
xyM  












  (6.88) 

In the expressions above the shape functions are related to a transverse displacement, rotation 

about  y axis with destination of  y – parallel and rotation about  y axis with destination of  x – 

parallel. 
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 For “Kirchoff” element, according to (6.86) we obtain as nodal forces, and nodal 

moments too, because the shape function matrix is related to nodal displacement and two 

nodal rotations.  

 6.10. Boundary conditions  

 Given in table 1. 
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