Chapter 3
TRUSSES AND FRAMES

3.1 Introduction

The numerical analysis of trusses and frame structures using the Finite Element Method is carried
out using the standard procedure. The finite elements are the bars or beam themselves. When modeling
these structures the conditions in which the beams and bars work are taken into account. In the trusses the
parts are pin-jointed and may be subjected to only axial loads. The parts of a frame may be pin-jointed as
well as by fixed one, and may be subjected to axial and transverse loads, as well as torques. If the
elements and the loads are situated in one and the same plane, the problem is called 2D truss or frame.
For so called 3D problems the structural members and the loads are arbitrarily situated in the space.
Based on the Theory of elasticity exact solution for stresses and strains may be obtained only in the case
of concentrated in the joints loads.

3.2 Trusses

3.2.1 Direct Method

Truss Element

Consider an elastic weightless bar with length L, modulus of elasticity E and a cross section area A
(Fig.3.1). The coordinate system shown is a local one with origin at the left end. The nodes of the two-
node rod element are at its two ends. It carries only axial loads and the displacements of its points are
only in axial direction.
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Fig. 3.1

If only node 1 of the element has displacement u1, (Fig 3.1a), the nodal forces F11 and F21 may be

determined by the formula for the absolute deformation: AL =FL/, -, which is known from the Strength

of Materials. We can write down

F,= 'A‘—LEUl and F,, =-F, = —'A‘—I_Eu1 (3.2)

When only node 2 has displacement with magnitude uz (fig 3.1b) analogically we have

F,, = 'A‘—I_Eu2 and F,=-F,, = —'A‘—LEU2 (3.2)

The resultant forces in the case of simultaneous displacement of the nodes 1 and 2 may be obtained by
summing:
F=F,+F, ='A‘—I_Eul —A—fuz and F,=F,,+F,, =A—I_Eu2 —A—ful (3.3)

The algebraic signs of the forces and displacements are taken with positive direction being
rightward. The matrix form of (3.3) is

SRR .
L|-1 1| |F

or shortly



[k]id}={r} (3.5)

where
{k}=ﬁ{_l '1} (3.6)

1

. . . . u
is the stiffness matrix of the finite element; {d}={
u2

} is the column matrix of the nodal displacements

F
and {r}= {Fl} - column matrix of the nodal forces.
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Expression (3.5) gives the relation between the nodal displacements to the nodal forces inside the
finite element.

3.2.2. Variation formulation

The stiffness matrix which relates the nodal forces and the nodal displacements inside the finite
element may be obtained also via expression (2.41), based on the principle of virtual displacements. For
that purpose the matrix [N] of the shape function and the [B] matrix have to be determined.

The displacement function u(x) for the finite element may be represented as a 1-st order
polynomial (Fig. 3.2,a)

U(x) =a, +a,X (3.7)
The polynomial coefficients a1 and a2 are determined by the boundary conditions
u(0)=u, and u(L)=u, (3.8)

From (3.7) we obtain

a, =u, and a, =2 (3.9)
Now we can write for u(x):
u,—u X X
u(x)=u, + 2L 1X:(1_E)ul+fu2 (3.10)
(3.10) can be written in a shorter way:
fut=[N}d} (3.11)

where the vector of the approximating functions {u} has one element u(x), and the matrix of the shape

functions is [N]=| N, N, |, where N, :1—E uN, :E.
The functions N1 and N2 are shown graphically on Figs 3.2, b and 3.2, ¢
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Fig. 3.2
The strain ¢, can be determined by



)= {2} [N ) e 612)

where the matrix {¢} has one element, ¢, , and

1Cx

dN, dN, T T 11
[B]:[W dx}—{ : J (3.13)

is the matrix which relates the strains and the nodal displacements.
For the finite element stiffness matrix from [k]= _[[B]T [E]B]dV we obtain

\

1

1 -

L [—1 1JAde=E{ } (3.14)
it 101

L

L

Comparing (3.6) and (3.14) we see that the variation formulation in this case yields one and the
same result with the Direct method of the Theory of elasticity.

With a linear approximation of the displacements (3.7), the strains (3.12) in the finite element are
constant, and that's why this formulation can give a solution equal to the Theory of elasticity solution only
in the case when in the rod the stresses are due to concentrated at the ends of the rod loads. With axially
distributed loads a correct solution may be obtained only at the nodes, while inside the element the
approximation is not correct. A solution inclining towards the exact one may be obtained by increasing
the number of the finite elements. The action should be the same when AE = const .

3.2.3. Truss element in a 2D space. Truss 2D element.

In a plane truss a bar may have arbitrary orientation. In order to assemble the structure and the
stiffness matrix, the bar element has to be considered in so called global coordinate system. Such a truss
element is shown on Fig.3.3.



Fig. 3.3

By X,y are designated the axes of the local coordinate system, and by x and y the axes of the
global one. If the vectors of the nodal displacements in the local and global coordinate systems are

respectively {d] =|g, o, ] and {d}" =[u,v,u,v, | (Fig. 3.3, a), then the relations between the nodal
parameters are:

U, =U, cosa +V, sin
_ : (3.15)
U, =U,Cosa +V, Sin &
The equation (3.15) may be rewritten in matrix form as follows:
- cosa Sina 0 0
d=|Thd;, |T|= . 3.16
@k 005 N e ] @.16)
where [T] is a transformation matrix
The relations between the nodal forces of the two coordinate systems are:
F..=F cosa
F,,=F,sina
v (3.17)

F..=F,cosx
Fy‘2 =F,sina

In matrix form the equations (3.17) may be rewritten as follows:

ry=[rT'{r) (3.18)
where {r}’ :[nyl F.Fe Fyyz] is the matrix of the nodal loads in the global coordinate system, and

{r}" =[F,, F.,| is the matrix of the nodal loads in the local coordinate system. For the local coordinate
system we write

[k la}={) (3.19)

where [l? ] is the stiffness matrix in the local coordinate system. Ssubstituting (3.16) and (3.19) in (3.18)
we obtain:

{r}=[kJid} (3.20)

where

[K]=[TT [K][T] (3.21)

4x4



is the stiffness matrix of the finite element into the global coordinate system.
If the vectors of the nodal displacements in the local and global coordinate systems are

respectively {d| =[a, v, a, v,] and {d}" =[u, v, u, v,] (Fig. 3.3, b), then the relation between the nodal
parameters are:

u, cs 00|y
A -s ¢ 0 0fv -

= = 3.22
u, 00 c s|u, o {d} [T]{d} (3.22)
v, 0 0-s c||v,

where c=cosa, s=sina, and [T] is the transformation matrix.
The between The nodal loads of the local and global coordinate system
{ } [FxlelFXZF’ ] and [Fxl ylszFy,Z

are related as follows
=T}, (3.23)

where [T']" is the transposed matrix from (3.22).
For the local coordinate system it may be written:

10-107(m) |F
— F

e 00004l IRl oy 620
L|-1010/||T, Fe2
0000][v,] |F,

If now (3.22) is substituted into (3. 24) and (3.23) is taken into account, the following result we have:
KT ld} =4} wo TPk} ={r} . (3.25)
[T] is an orthogonal matrix, thus ([T]T = [T]‘l). Finally we obtain

[TT [kITHd}=ir} or [kld}=ir) (3.26)
where [k] is the stiffness matrix in the global coordinate system.

The stiffness matrix of the finite element may be obtained directly into the global coordinate
system. On Fig.3.4 is shown a truss element in a general position with respect to the global coordinate
system.
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In the global coordinate system it may be written



L:[(Xj —Xi)2+(yj —Yi)ZF

] = V. X. —X.
s:sma:u,c:cow: L
L L

(3.27)

. - AE . .
If node i has an axial displacement T; = cu; from the force F,; = Tcui , then it may be written

AE

F.c= _Czui =F;
y L y
Fis= %csui =F,;
AE (3.28)
Fe,c=—C¢; =—F
L
AE
F, iS =TCSU. :—Fy,j
or in matrix form
C2 Fx,i
CS F i
AE u =4 " (3.29)
L |—¢? F.j
—CS F

Analogical relations may also be obtained when the displacement of node i is vi in the y axis, and
also with node j and displacements ujand vj. Finally in matrix form it may be obtained

c? cs —c? —cs

u| I:x,i
cs s® —cs —s ||V Fi
AE _l (3.30)
L |—c®> —cs ¢® cs||Y; Fj
—cs —s® cs sV Fy.i
Shortly (3.30) may be written as
[kld}=1{r} (3.31)
where
[ ¢ cs —c? —cs]
cs s® —cs —s
[]=2E (3.32)

L |—-c*—-cs c* cs

2

—cs —s®> ¢s s

is the stiffness matrix of the finite element in the global coordinate system.

3.2.4. Truss element in a 3D space. Truss 3D element
The element is shown in Fig. 3.5.



Fig. 3.5
If the vectors of the nodal displacements in the local and global coordinate systems are
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where [T] is the transformation matrix, and [1]=|1, m, n, | is the matrix of the cosines directions
I3 ms ng
according to Tablel.
Table 1
X y z
1, =cos(xx) | 1, =cos(3x) |1 3 =c0s(2x)

m; =cos(xy) | m, =cos(yy) | m;=cos(2y)
n; =cos(xz) | ny=cos(yz) | I, =cos(22)
For the local coordinate system it may be wtittten

N2l =l

[100-100]m) |Fu

00000 0|V, Fya

000000O0|w| |F .
EA ot M or [kfd =) (3.34)
l|100100|g,| |F,

000000|v,| |F,

(000000]|W,] |F,

where [IZ] is the stiffness matrix in the local coordinate system. Between the vectors of the node loads in
the local and  global coordinate  systems{r}' =|F,, F,, F,, F F, . F, and

y1¥z1 Fxe
i =[F, F.F.F,F.F , ] the relation is

{rh=Irlr} (3.35)
Substituting (3.33) in (3.34) and taking into account that (3.23) it may be written



e Jrla}=[rlr} (3.36)

The matrix [T'] is orthogonal and finally we write

[T [k Yd}=ir} or [klid}={r} (3.37)

where [k] is the stiffness matrix in the global coordinate system.

3.2.5. Assembly of Stiffness Matrix
The assembly of stiffness matrix [K | and vector of the nodal loads of the system {R} is obtained

considering the static equilibrium conditions for the nodes. In this manner it is also obtained the basec
system of equations for the nodal displacements in the form:

[Kla} =R} (1.38)

3.2.6. Isoparametric bar element.
In Fig.3.6 is shown a 2-node bar element with the local x and the natural £ coordinate axes, and

the relation between them is; & =2 ~L)2
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Fig. 3.6
The shape functions in the natural coordinate system are
1
N, = E (1 - 5)
1 (3.39)
N, = E (1 + 5)
The displacement u of an arbitrary point of the element is determined by the equation
2
u=Nyu, +Nu, => Nu, =[N]id} (3.40)
i=1
The x coordinate of an arbitrary point of the element may be analogically determined by
n2
X =NyX +NyX, = > N, (3.41)
i=1

If in (3.39) and (3.40) the same shape functions are used, the element is called isoparametric.
Since x = x(&), we have

OX
dx = £d§ =Jd¢& (3.42)

where 2—2 =J is the so called Jacobian. For this element

2
J_5X_z%x.z—ixlﬁxfé(xz—xl): (3.43)
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The stiffness matrix is transformed as follows

- [ (o] [Tk <[ e(a [Elelpox - [[o( T [l st 4

\%
In (3.44) [B] and [B] has to be transformed by substituting
ON, _ N, 3¢ _oN, .,

= (3.45)
ox  OF 0z O

3.3. Frames
Finite element analysis for the frames is done on the basis of the beam theory. The local

coordinate system coincides with the principal axes of the cross section. When the beams of the structure
are thin and long (Fig. 3.7, a) the following assumptions are used:
- The material is linear-elastic;
- Deformations are small,
- After deformation the section remains flat and perpendicular to the deformed axis of the beam;
- There is no interaction between the fibers of the beam and stresses and strains don't depend on
y.
The angle of rotation of the section & may be determined by

dv(x)
O(x)=——= 3.46
(x)==3. (3.46)
where v(x) is the function of the elastic line. The curvature of the beam in the xy plane is:
1 d*v(x)
k=== 3.47
R  dx? (3.47)
and the strain ¢, depend linearly on y according to the law
y d?v(x)
=y 1\ 3.48
G =R Y g (3.48)
The relation between stresses and strains is
o, =Eeg, (3.49)

With this type of beams the shear internal force may be neglected and the strain energy from the is
determined by

(3.50)

a) b) c)
Fig. 3.7



For the short and thick beams (Timoshenko type, Fig3.7, b) the theory is based on the additional
assumption that the section after the deformation remains flat, but not necessarily perpendicular to the
deformed axis of the beam. The angle of rotation of the section is determined by

o)= 1) g) (351)

where ¢ is an additional, also called effective angle of rotation, due to the shear force in the cross section.

When determining the strain energy the shear internal force Q must be taken into account (Fig. 3.7, 6).
The effective angle of rotation produced by the internal force Q , ¢(y) is determined according to

the expression
r  6Q yY |_6Q|1 (yY
#y)= G th{ (F”_GAL (hH (352)

For the strain energy in an element with length dx it may be written

10
=_—Qdv dx 3.53
Q ° T2 GaA (3:53)
S0
Q
dv dx 3.54
Q- GaA ( )

In (3.54) « is a coefficient of the shape of the cross section, G is the shear modulus, and A is the
cross sectional area. Now using (3.54) for the effective angle of rotation may be written

Q

X)=—— 3.55
o)== (3.55)

The strain energy from Q for an element with length L can be determined by

1
G aA| p°dx == G oA 49—— dx 3.56
I GaA j # | ( ) (3.56)
The total strain energy is
L 2 L 2
U zlEJj[d—ej dx+ GaA j(e—ﬂJ dx (3.57)
2 pldx 2 0 dx

3.3.1. FEA for thin beams. Direct method
Consider an element of constant cross sectional area, subjected to bending from transverse loads
(Fig. 3.8, a). The element has two nodes and two degrees of freedom per node

{d }T = |_V1 6V, 92J (3.58)

,where v is the lateral displacement, & - angle of rotation. In Fig. 3.8, b the corresponding nodal loads
are shown
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The length of the element is L, the module of elasticity is £, and the moment of inertia about the
bending axis is J. The corresponding loads in the nodes are shown in Fig. 8 b.
We suppose that the displacement of the node 1 is v, in the positive direction (Fig. 3.9, a).

According to Fig. 3.9, b we determine the values of the loads F,; and M,;.

Vi I—__\\\\\\\\§ 3 Fu1 )Mll )M(X) F21T Mz
1 2 . N
a 0
®uwr. 3.9
Using the Castigliano’s theorem we obtain:
OU X M (x M
== j (x)2 = j (M. o (3.59)
F. EJ OFH EJ OMH

,where U is the strain energy, expressed by the bending moment M (x) From (3.59) we determine
12EJ] 6EJ

Fll:TVl1 Mll:?vl (3.60)
From the static equilibrium conditions for of the element, we determine the loads in node 2
12EJ 6EJ
F21=—TV1, M21=?V1 (3.61)

The first subscript of the load corresponds to the number of the node, and the second — to the
number of the case in consideration.

In a similar way three more cases of nodal displacement can beconsidered and the corresponding
loads may be determined. All four cases with positive directions of the loads and the displacements are
shown in Fig. 3.10.
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The determined loads are:

F,= %91 =-F,, M, = ?Hl, M,, = 2%491 for angle of rotation &, at node 1,



-F;= 12%\/2 =F,;, M= —G%VZ =M, for displacement v, at node 2,

6EJ 2EJ] 4EJ

F.= ?02 =Fy, My, = THZ, M,, = T62 for angle of rotation &, at node 2

For F, atnode 1 it may be written:

12EJ 6EJ 12EJ 6EJ
—V, + - v, +

Fl = l:11"' I:12 + F13 + F14 or k= 1 E 91 B 12 ‘92 (3-62)

In the same way F,, M, M, can be determined. The equations can be written also in this form

[kJid}=1{r} (3.63)

e N B e
% © L2 %
1%3 -6 g

symmetric %

, Where

[k]=EJ (3.64)

is the stiffness matrix of the finite element, {d}" =|v, 6, v, 6, | is the matrix of the nodal displacements,
and {r}=|F, M, F, M, | - the matrix of the nodal loads.

3.3.2. Variational formulation
The approximation of the displacements in the finite element may be obtained using the
polynomials
v(x)=a, +a,x+ax* +a,x°
dv(x) (3.65)

0(x)= g " taxt 3a,x?
The polynomial coefficients are determined by the boundary conditions
vi0)=v, viL)=vV
0(0)=6, 6(L)=6,

After determining of the coefficients and the corresponding rearrangements of the terms, v(x)
may be written in a matrix form as follows

Vl
00 =[N, N, Ny N =[N (367)

0,

, Where



2 3
N, =1_3XAZ+2XA3
N :x—2X7+X7
N, 3x/ 2x/
==+
are the shape functions.

To determine the variation in the strain energy, we use the following formula

M =—EJ M
dx?
The normal stress is determined via equation
v B :V
loj=Fy-= % y=-E[DNJdly=-E[BJd}y
, Where y is the coordinate of an arbitrary point of the cross section.
The strain is
d®v
—-EJ——
{o} dx? d®v
=-—= =— =—|Bd
lej= g =y =gz V= [Bldly

For the variation of the strain we have
{oe}=—[BJed}y
Now for the variation of the strain energy we write

U - [(62) ooy {ad] [ y"e([e] E[Blixia) - (a0}

v

[B]' EJ[BJix{d}
If there is distributed load acting on the element the variation is

1o} falox = [ o INT ax

0

O ey

Equating oU and oW, for g = const we have

j[B]T E1[B]dx{d} q_f[N]de

or

lia}=a] IN] ox
Since [D]:% and[N]=|N, N, N, N, |, then

2

[B]=[D]IN]

{%(—6L+12x) %(—4L+6x) %(6L—12x) %(GX—ZL)J

(3.68)

(3.69)

(3.70

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.75)

(3.76)



Thus for the stiffness matrix of the finite element we have
1

C

(6L +12x)

- (—4L+6x)

—

k]=E1]

1 1 1 1
LF(— 6L +12x)F(—4L + GX)F(GL —12x)F(6x— 2L)J (3.77)

1
T2
%(6L—12x)

1
T2

- (6x—2L)
or
e e B
% _6|_2 %
VAt
4

symmetic A

[k]=EJ (3.78

The result is the same as the one we obtain using the direct method. For the nodal loads e, when

7,
\ L7

{rj=[[NT qdx= 12 (3.79
! qdx=q y

_L%z

g = const, we obtain

The curvature of the beam is

S N =Tl 350)

d | dx?

The stress in the element is determined by the beam theory, as the bending moment is determined
from

d?v
M = EJ— =EJ[B]{d} (3.81)
dx
The bending moment in (3.48) depends linearly on x, because the elements of [B] also depend
linearly on x. Thus, we obtain exact solution in the cases, when the loads (F, M ) are applied only at the
nodes. When there is distributed load, v(x) is a function of forth order and more accurate solution for
this type of beams may be obtained by increasing the number of elements in the model.

3.3.3. 2D —beam
The element is subjected to transverse and axial loads. The stiffness matrix of the element may be
obtained superposing the stiffness matrixes (3.6) and (3.78)



AEL 0 0 -AE/ o 0
].ZE%_3 BE%S 0 —lZE%3 6E%2
[k]: 4E% A([)E —ESE%_2 ZE% 082
e[ 0 0
13/, -6EY/,
symmetric 45%

The matrixes of the nodal displacements of the element in the local and the global coordinate
systems are

{J}T = LUl v, 6,0, V, ézj and {d}' =|u,v,6,u,v,6, | (3.83)

The matrix (3.82) is for the local coordinate system. The transformation of the displacements from
the local to the global coordinate system is obtained from the relations

0| [ cs0000]u,
A -sc0000||v,
6, 001000 ||6 -

= or (=T d 3.84
u, 000cs O ||u, {}[]{} (3.84)
v, 000-sc O]y,
f,] 1000001]|g,

, where [T'] is the transformation matrix. It is easily determined that {F}=[T}r} and since [r] is
orthogonal, the stiffness matrix in the global coordinate system may be obtained via the equation

[k]=[TTK]T] (3.85)

3.3.4. 3D — beam element
In Fig. 11 is shown a finite 3D element in global xyz and local XyZ coordinate systems. The

nodal degrees of freedom in the local and the global coordinate systems are

dl =lg, v, wo,0,06,|unid =luwwe,b,0, ] =12 (3.86)

i PNy Yz

y

Fig. 3.12

The transformation of the parameters from the local to the global coordinate system is obtained by
the relations



Ui L mn 0 0 0]y
Vi b, m, n, 0 0 0 ||V,
W, lb,m,n, 0 0 0 ||W, -

= or d;=|T|d 3.87
Gl {0 0 0 I, m n || @}=[rla) (3.87)
0;; 00 01, mn,|6,;
0,;] 10 0 0 I, mn,||6,,

i=1,2.
, where [T] is the transformation matrix. The element has three forces and three moments per node.
The stiffness matrix in the local coordinate system may be obtained using the method of

superposition and adding the matrixes for bending and tension (compression) in xy plane (3.82), bending
in xz plane and torsion.

If the right hand rule is used for the xz plane we have:

dw(0) dw(L)
nyl =— dx )41 0;,12 = —T (388)
Then the stiffness matrix for bending in this plane is
12 -6L -12 -6L
_ 4% 6L 2L°
k)= E: (3.89)
L 12 6L

symmetric ~ 4L°

For the stiffness matrix in the case of pure torsion it may be written (see example 3.6)

-1 GJ,| 1-1
[k]- i {_1 J (3.90)

Now for the stiffness matrix of a 3D element subjected to bending, tension (compression) and
torsion it may be written



EA % o 0o o o-B2 o 0o 0o o o
L L
12|53J1 o 0 o 6E2;ll e 6EZJ1
L L Le L
12I53J2 0 _6E;12 0 o o 128, -GEZJ1
L L L L
Gk 0 0 0 Sk o o
L L
4B, o o 6E2Jz 0 12E332 0
L L L
&), -6|52J1 0 o o 2B
L L L
[K]= EA %9 0 0 0 o0
L
12L|5331 0 o o 6LE2J1
125332 0 GEZJZ 0
GJ
© 0 0
L (3.91)
symmetric 4?2 0
4EJ,
L
xz planes, respectively. The

, Where J1 and J2 are the second moments of inertia for xy and
transformation of the local stiffness matrix is obtained using the equation
(3.92)

[k]=[Tk]Jr]

The normal stresses from the internal force N which are o, = from M, o, :J—yz and from M,
y

4

y are added algebraically. The torsion moment M, about x axis produces shearing

o, =

¢, where J, and c are calculated according to the shape of the cross section.

X

stressesz, = ]

3.3.5. FEA for “Timoshenko” beams
From the equation for the strain energy (3.35) it is seen that the independent functions of the
deformation are two, for plane xy — v(x) and &x). For two nodes element (Fig. 3.8,a) in the case of linear

functions v(x) and &(x), it may be written

Vi
vl [N O N, 06 (3.9
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For isoparametric element x = Z N.x; . For the curvature and the angle of rotation of the cross section, it
i=1

may be written

do & oN
k=—=)>» —L6. 3.94
i 21 vl (3.94)
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and =Y N6 - %vi (3.95)
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The strains are determined from the equation
{ef =k ¢]=[Bl{d} (3.96)
o Moo N
, Where [B]= X X (3.97)
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Taking in account that the matrix of the elastic constants for rectangular cross section is
h> 0
Ebh Ebh|h?> 0 6a
El=—|. 6a |=—~ o =2 (3.98)
1210 —| 12|00 « 1+u

1+ u
the stiffness matrix for the element may be obtained in the local coordinate system as follows

(6,  6ay(L—x) —6a, 6a, X |
L 2 Y _ _h2 _
k)= EA2 J- h? +6a,(L-x) —6a,(L—x) —h?+6ax(L-x) (3.99)
1217 5 6, —6a, X
| cum. h? +6a,x*
If the bending and the shear are separated, we have
o 00 0 1 (L-x) -1 x ]
2 _h2 _ _ 2 _ _ _
k|- EA2 0 h* 0-h ‘6 (L=x) (L=x)* =(L=x) x(L—x) & (3.100)
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The integrals can be solved analytically and for rectangular cross section with thickness b = 1 it
may be obtained
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3.3.6. Isoparametric 3-node element for “Timoshenko” beam

The element is shown in Fig. 1.14.
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The matrix for the nodal displacements is

{d }T = \_Vl OV, 0,V 493J (3.102)
, where 6, (i =1,2,3) for thick beam is determined by
0, = (ﬂj + ¢, (3.103)
dx )/,
The shape functions are
1 1
N, = =5 £0=8) N, = (= &)L+ ), Ny =2 &(1+¢) (3.104)
The graphs of the functions are shown in Fig. 3.14.
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The approximating functions are
3
V(X): Nl(é:)vl + Nz(f)vz + N3(§)\/3 = Z N;v,
0(&)= N,(£)6, + N,(£)0, + N,(£)o, = Z N,&, (3.105)
X(f):Nl(g)Xl"‘Nz(fx +N X —ZNX
The Jacobian for the element is
:%:alel+8N2 X2+8NS X3:L (3.106)
o0& o0& o0& o0& 2

The strains are determined from
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,where d@/dx is the pseudo-curvature of the beam.
In (3.107) the derivatives are determined from

oN, _ N, 8¢ _oN, |

L= (3.108)
ox o0& ox o0&
The relations between the internal forces and the stresses are
M EJ 0 d_6?
= dx (3.109)
Q 0 aGA p

The matrix for the stiffness of the element [k] is 6x6, a typical sub-matrix inside it is determined

as

or

[kij]: “Bi ]r [E][Bj ]J |d§ (3.110)
0 oN. ON,
" [EJ 0 T

k= | -~ ox {0 s} N X 113]de (3.111)
E N - OX 0

3.4. Thermal stresses

The thermal stresses in the bar and beam of a structure are analyzed by FEA using the general
procedure for calculation of thermal stresses in a arbitrary FEA model. This procedure is executed
automatically from the software code and includes the following steps, which the user has to activate:

1. To take away the element nodes’ all degrees of freedom and to calculate the nodal loads
from the temperature variation;

2. Assemble the elements and the element’s loads, calculated in step 1. The mechanical loads
are superposed with the thermal ones. As a result, a new model comes out, still unreformed,
which nodal loads are a result form the temperature deviations;

3. Calculate the nodal displacements, then the deformations in the elements from these nodal
displacements, and finally calculate the stresses by the deformations. The calculations are like
these made for calculations of the stresses from external loading;

4. The stresses from step 3 and the initial stresses from step 1 are summed together, caused by
the temperature variations.

The application of the general procedure for determining the thermal stresses in a truss node
could be seen in example 3.3.



3.5. Examples
Truss

Example 3.1 For the truss shown in the Fig. 3.15 determine u(%) . Given: g, L, AE = const
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fig. 3.15

SOLUTION
The truss may be considered as one element with two nodes, where the approximation of u(x) is

done with linear function.
According to (3.6) it may be written

ot

AE[LAfu] [
L|-11fu, qL
2
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where from we obtain u, :%. R, is the support reaction at 4. According to (2.28), since u, =0,

x gL . .
g , SO we obtain the value we are looking for and the unknown value of the

u(x)=N,u, =—
(%)= Nau, = ="
2
displacementuL = qL :
3) 6AE

X 2
The exact solution is AL(x)= de = iJ.q(L —x)dx = 1 q(Lx —X?] ,

O Sy

E AE AE
2
For x:L we obtain u E :££
3 3) 18 AE

The error for the solution with one two nods element is A =40%.
The accuracy could be increased by increasing the number of the elements or the number of the

nodes.
A) Solution with increased number of elements.
The solution is done by a model of two two-nodes elements (fig. 3.16). Both of the nodes are lying

on one line and the directions of the axis of the local coordinate system coincide with these
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fig. 3.16

According to (3.6) for the both elements we can write
AE[ 1-11[u; Fl AE[1-1][vf R’
G M M
Uy =U, U; =U,

as ) ) .
Uy =Uy, U, =Ug



Considering the fact that, F' = F, =R,, F, + F* =F,=0 and F; =F, =0 after the assembling of
the system we get:

RA+q—L
1-1 0]y [F | 4
ﬁ/E “1 2-1{u, b =1F,}= %
2| 0-1 1||lu,] |F aL
4
Because u, =0 the system is reduced to
gL
1-1](u 2 2 2
AE 2L 2L soweget u, = sat u3=1£,
% -1 1 qL 8AE' ° 2AE
4

2
The E =£ . Theerroris4=10%.
3 4AE

The error is decreased significantly, if we use a model with 3 elements.
B) Solution with increasing the number of the nodes.
We use one finite element with 3 nodes (fig. 3.17).
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fig. 3.17
For this element the approximation of the displacements is done with function of second order:
u(x)=a, +a,x+a,x?
In order to determine the polynomial coefficients we use the system of equations
U=

L 2
=a1:a1+a2§+a3?

u,=a,+a,L+a,L
After that,the approximating function could be presented that way:
u(x)= N,u, + N,u, + N,u,,

where N, = (3— ]( 1),|\|2 4X(1——j N3=5(25—1j
L L LU L LU

For the stiffness matrix of the element, considering that:

4x 3 4 8x 4x 2x
el-loIn)-| 552 £-% -2

we obtain
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Because u, =0 the system is reduced to — = = , Se we can obtain u, =——
L 8 7 ||u, 1 8 AE
- = _qL
3 3 6
2
and u3=l£.
2 AE

For the displacements function we can write

2 2
u(x):ﬁ(1_§j§£+ﬁ Q_ljlﬁ
L L/B8AE L\ L 2 AE

2
and the searched displacement is given by u[gj = %% The solution in the FESA method done with

one 3 nodes finite element coincides with the exact one.

The deformations are determined by (1.12). After replacing of [B] and {u} we

gets(x) = 2—:; % . The function gives the exact solution for the deformations along the truss.

AE
The stresses are determined by the Hook’s law

o(x)= E(i - ij

AE AE

The function gives the exact solution for the stresses along the truss.



Example 3.2 For the shown in fig. 3.18, a truss structure, determine the forces in the trusses and
the displacements of nodes 2 and 3. Given is AE, =AE, =AE, =AE,L,P.

Fig. 3.18
The structure is separated into 3 elements 1,2 and 3 and has 3 nodes 1, 2 and 3.
Using (3.16) we can obtain the transforming matrices of the 3 elements:

0010 21 00-11 2 10011

[Tl]:{loOO}[TZ]:Q{—l 10 o}[Ts]:@[lloo}

The from (3.21) the stiffness matrices are defined

1 0-10 1-1-11
2
Ik ]= A 0000 k,]= AeE: V2Y|-1 111
! L |-1010/"? Liz 11 11
0000 2 1-1 -1 1
11-1-1
AE, (V2)] 1 1-1-1
[ks]: a
Lﬂz -1-1 11
2 “1-1 1 1

in the global coordinate system.

For convenience when assembling the system, these matrices could be expanded from 4x4 to 6x6,
as we put zero rows and columns with numbers, according to the number of the missing rows in the
column of the displacements. Like that k,{d,} = {F,} is transformed in this way

Fl
. "1 0-10007" N
1 0-10|{u, Fra v, i
=l 00 oollv i - 000000 :
% 1o 10l e ’AlLl 101000( (=172 (3112)
— \Y 1
50 00 2| |Fe 000000 5 F.
V. 1
2) Ry, 000000 0
L — 0 0




Analogically we get the matrix forms for the other trusses too

00 000 O 0
0
00 000 O 0
001-1-11 0
2 -1 - F?
u X,2
AE, [ﬁj 00-111-1 2l (3.113)
Lﬁ 2001111 || i
2 u 2
001-1-11 3 P
JERI L
— _ 3
1100-1-17(u,) |[Fa
1100-1-11|v,| |F}
2
00000 0|0 0
AE (2 - , (3.114)
L@ 2 00000 O [[0 0
2 -1-100 1 1 ||u, =
-1-100 1 1 ||y, F2,

The assembling the system of equations is done on the basis of the conditions for the equilibrium
in the nodes (fig. 3.18, b).

1 3 1 2 2 3
Fx,l + I:x,l = Fx,l Fx,z + Fx,2 = FX,Z Fx,3 + I:x,3 = I:x,3

1 3 1 2 2 3 (3115)
FL+FL,=F, F+F=F, FL+F,=F,
Moreover
I:x,l :O' I:y,l :O' Fx,2 :0' I:y,2 :O’ Fx,3 :O' Fy,3:_P (3116)
On the basis of (3.112) + (3.116) we get
1+421-v2  0-1-1] U, Faa
1 1 0 0-1-1|lv Fya
_ _1_ u F,
AE |-v2 01+42-1-1 1 |JU:|_|Fx (3.117)
V2| 0o 0 -1 1 1-1||v.| |Fy.
-1 -1 -1 1 2 0]||Us Fes
-1 -1 1 -1 0 2| [F,

Because u, =v, =V, =0, then the system (1.69) is reduced with removing rows and columns in

the matrices, with the number corresponding to the number of the rows and columns with zero
displacements. Thus we obtain:

1+42 -1 1][u, 0
-1 2 0 Hu;p=40
1 0 2 |y -P

AE
5 (3.118)



From the solution of (3.118) we get

u, :i, U, :i, v, :_1(14_ 2\/5)
2AE 4 AE 4 AE

The truss forces are derived according to the relations (3.112) + (3.114). For example the truss force in

truss 1 ,according to (3.112) is F, = 'A‘—LEU2 = —; and so on.

X

Example 3.3
Determine the stresses in the truss from fig. 3.19, given: A, E, L, P. After the mounting of the rod
(truss), it’s temperature increases uniformly with AT . In the right hand end, the support bends as a linear

spring wit stiffnessk = A—LE .

The truss is shown in fig. 3.19, a and is divided into 2 elements. The result from the temperature
variation are the forces F, = AEAT , shown on the both elements (fig. 3.19, a and fig. 3.19, b). The

spring in the right end could be replaced with force P = A—LEu3 (Fg. 3.19, ¢).
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fig. 3.19
First off, according to the rules, in the joints of the structure we define the loads in the nodes of
the elements, caused by the temperature increase

2

F, == aATAE
3
From the relations
F11:R1_FT =n
F,,+F,=P+F —F =r, (3.119)

AE
Fzz = FT _Ps = FT _Tus =0

we could assemble the elements and to write the global system of equations

1-1 0]u,) |R-F
ABI 1 oallut=lper —F (3.120)
0-1 1|u, AE

FT —TU3

where R, is the reaction in node 1, that is considered unknown. The summing of the forces is done with

positive direction on the right.
Since the support on the left is still u; =0 and then the system (3.120) is reduced to

P
2-11lu
AE 2= AE . (3.121)
L -1 1]y, F——u,

L
The solution of (3.121) is



2PL 1L 1FL 2 L
Uy=——+=-—F uu,=——+=-—F
3 AE 3 AE 3AE 3 AE
The stresses in the elements are defined as

O-i,x = E‘S‘i,x +O_i,xo' I :11 2

Fo. — : :
where o, ,, =——"_ is the initial stress, caused by the temperature increase. So for the stresses we obtain

gxll:EUZ_ul+(_E).=ZE_EEZEE_50{EAT
L A 3A 3A 3A 9

g (F AF 2F_1F 4

’ L A 3A 3 A 3A 9

Beam Structures

Example 3.4
Determine the displacement v, and the rotation €; in a cross section B from the shown on fig.

3.20, a beam. Given is: EJ,L,P.
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SOLUTION
Since EJ = const the whole beam could be considered as one element. In that case in the matrix

of the nodal loads, there will be only one nodal force in node 2, because F'=F,, M} =M, u
F, =P, M; =0 (Fig 3.20, b), as F, and M, are the support reactions. Then according to relations (3.63)

and (3.64) we have

4 2 6 6]

L L L L

2 4 6 6|6 M,
gl L L B L% _JM

6 6 12 12 v, F

L2 L2 L Ly, F,

6 6 12 12

IR

Since 6, and v, are equal to 0, then the upper system of equations is reduced by removing of
rows and columns of the stiffness matrix with the numbers corresponding to the numbers of the row with
the displacement equal to 0. Moreover M, =0 and F, =—P . Thus we get the system of equations in

matrix form
4 6
1T 12 1(6 0
EJ L L 2| _
6 12 ||v, -P

e



PL? PL®
and v, =vg =— .
3EJ
The obtained results show, that the solution coincides with the exact solution (look at the tables
for strength of materials). The deformations are defined from (3.71).

It is easy to see that, the function &(x)= —(% - g—j)z gives the solution of the technical theory of

where we can define 6, =6, = -

elasticity.
For the stresses we get

EJ EJ

o(x) = E.4(x) = _E(q_L_%jz

Example 3.5
For the shown on Fig. 3. 21, a beam, determine the droop and the rotationof the cross sections B and
C. Givenis: EJ =const,q,L,M , q.

q y " N y q V3
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fig. 3.21
SOLUTION
The beam is divided to 2 finite elements (fig. 3.21, b and c). For the elements 1 and 2 we can write
4 2 6_6_ 4 2 6_6_ gL’
L LD e )
2 4 6 6|[6] M 2 4 6 6|2 M| g
EJEIFF@:ME’EJIEFF‘%:ME 12|
6 6 12 12 ||| |R 6 6 12 12||v,| |5 ]
N I N v, F! I I N v, F 2
6 6 12 12 _ 6. 6 1212 qL
IR RN BENERNERNER 2

From the equilibrium conditions for node 2, we can write: ' =F,, M;=M,,as M,and F, are

. L 2
support reactions, F, + F* =F, = _q7 and M2+ M/ =M —%, as F;, M2, >, M? are the nodal
forces and moments in nodes 2 and 1, respectively of elements 1 and 2 and
2
F’=F,= _q_L’ MZ=M,= ﬁ. On the basis of these equations is done the assembling of the upper
2 2

system of equations. Thus we have



4 2 , 6 _6
L L 12 |2 M,
2 8 2 6 6 gL?
T oL Lo boe|el My
2 4 6 6 ||% qL2
e A )
EJ =y 12
6 6 , 12 12 v F
2 2 0 3 3 0
> L L L v, qL
3] 3] 12 24 12 v _7
= Y e omE|v oL
6 6 12 12 Y
077 O &

Because 6, =0 and v, =0 the system is reduced to

8 2 4 _6] m_dL
L L 2 12
2 4 6 6||% qL2
gl LoLo 6] 12
o 6 24 121y, qL
L2 L Ly, 2
6 6 12 12 qL
BN 2

where we can obtain
_ML2 7 gl 9_ML_q_L3 V_3ML2 41q_|4 0_%_Zq_l_3

2792E) 12EJ’ 2 EJ EJ' % 2FEJ 24EJ’ ° EJ 6EJ

Example 3.6
Derive the equations, defining the behaviour of the structure from fig. 3.22, q, if it is given that EJ,

L, P, Q.
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Fig. 3.22

Since the structure has axis of symmetry, we can investigate only the half of it. In the cross section
of the axis of symmetry the rotation and the horizontal displacements are zeros. We build a model with 2

elements (Fig. 3.22, b).
If we accept the global coordinate system xy, for element 1 the stiffness matrix in the local and the

global coordinate system is



¢ 0 0 -c 0 O
12a 6aL 0 —-12a 6alL
4al> 0 —6aL 2al’

c O 0
12a —6alL
| symmetric 4al’ |

where c:E and a:%.
L L

(3.122)

The stiffness matrix of element 2 could be derived from (3.85), taking into account, that cosa =0

and sina=1. The transforming matrix is

(@)
o O o
o O o

[T]=

O O o ko
o O O

o o+ O O
— o

SR

o o O O o

0 00O0O01

(3.123)

The stiffness matrix of the element 2 in the local coordinate system has the same form as that for element

1. After doing the operations according to (3.85) we get
[12a 0 6aL 12a 0 6alL |
c 0 -c 0 O
4al® 6aL 0 2al?
12a 0 6aL
c O

| symmetric 4al? |

[k2]=

From the conditions for equilibrium of the nodes we can write
I:x,l = Fxll = 0 I:x,2 = Fxl,z + sz,l = 07 Fx,3 = RD,x

P 1 1
F.=F.= —E—EqL, F.=F,+ Fjl = —EqL, F,:=Ro,.

M, =M. =0, M —|\/|l—i—|\/|2——q—|_2 M,=M
1= My =Y, 2 =WV LT T 3= WMp

where R, Ry, and M, are the support reactions in p. D.

The nodal parameters and loads in the global coordinate system are
{A}T = [u1 vy 6,U, v, 6, Uy V303]
{R}T = [Fx,l Fy,l M, Fx,z Fy,z M, Fx,3 Fy,s Ma]

(3.124)

(3.125)

(3.126)

Considering u, =0, 6,=0, u, =0, v, =0, 6, =0, on the basis of (3.123), (3.124) and (3.125) we

obtain



P
0 12a -12a  6aL |[v, 2 2
0 ctl2a 0  6al ||u, 0

= 1 . (3.127)

12a 0 c+12a -6alL ||v, —EqL
6aL 6aL -6aL 8al’||6, 1

__q|_2

12

Example 3.6 Derive the stiffness matrix of an element subjected to twisting ,given G, Je, L.
On the fig. 3.23, a is shown element of pure twist with one degree of freedom 4 in a node (fig.

3.23, a). The nodal loads are shown in fig. 3.23, b.
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fig. 3.23
If only node 1 gets a nodal rotation $,, M, (fig. 3.23 c) could be defined as
L
M
9= ] M, () oM, g, May (3.128)
oM, 5 GJ. X GJ,

where G is the sliding modulus, and J is generally speaking inertial characteristics of the cross section.
GJ.

From (3.128) we can derive M,; =

. —_ . GJ : : :
Form the static equilibrium condition of the element we getM,, = T° =—M,,. Analogically, in rotation

4, of node 2 we get —Mlzz%:Mzz.

For the resultant of the moments in nodes 1 and 2 we can write

GJ, . GJ,
M1:M11+M12,XZT‘91_ L '92
G, G

M,=M,,+M,, = 3 G+ LC'92

(1.52) can be written in matrix form like

%[_1 _1}{‘91}:{M1’X}:[k]{d}:{r}. (3.129)

L |-1 1]ls] |Mm,,



